arXiv:l502.00159vl [math.FA] 31 Jan 2015 


SOME INTERSECTIONS OF LORENTZ SPACES 


F. ABTAHI, H. G. AMINI, H. A. LOTFI AND A. REJALI 


Abstract. Let ( X , p) be a measure space. For G (0, oo] and arbitrary 
subsets P,Q of (0, oo], we introduce and characterize some intersections of 
Lorentz spaces, denoted by IL P} q(X, //), ILj iq (X, p) and ILj q(X, p). 


0. Introduction 

Let (. X,p ) be a measure space. For 0 < p < oo, the space L p (X,p) is the usual 
Lebesgue space as defined in [3] and [6]. Let us remark that for 1 < p < oo 

\\f\\p ■= | f(x)\ p dp(x)j 

defines a norm on L p (X,p) such that (L P (X, p) : ||.|| p ) is a Banach space. Also for 

0 < p < 1, 

II/IIp : = [ \f(x)\ p dp(x) 

Jx 

defines a quasi norm on L p (X,p) such that (L p (X,p), ||.|| p ) is a complete metric 
space. Moreover for p = oo, 

ll/lloo = inf {B > 0 : p({x G X : \f(x)\ > B}) = 0} 

defines a norm on L°°(X,p) such that (L°°(X, p), ||-1|oo) is a Banach space. In [1], 
we considered an arbitrary intersection of the L p —spaces denoted by p| p6 j L P (G), 
where G is a locally compact group with a left Haar measure A and J C [l,oo]. 
Then we introduced the subspace ILj(G) of C\ peJ L p (G) as 

ILj(G) = {/ e fl L p (G) : ll/ll J = sup ||/||„ < oo}, 

Wj p ^ j 

and studied ILj(G) as a Banach algebra under convolution product, for the case 
where 1 G J. Also in [2], we generalized the results of [1] to the weighted case. 
In fact for an arbitrary family Q of the weight functions on G and 1 < p < oo, 
we introduced the subspace IL p (G,fl) of the locally convex space L p (G,tt) = 
fben L p (G,u}). Moreover, we provided some sufficient conditions on G and also f l 
to construct a norm on IL p (G,Q). The fourth section of [2] has been assigned to 
some intersections of Lorentz spaces. Indeed for the case where p is fixed and q runs 
through J C (0,oo), we introduced JL Pi j(G) as a subspace of n q£ jL p , q (G), where 
L p , q {G) is the Lorentz space with indices p and q. As the main result, we proved 
that IL Pi j(G) = L Pimj (G), in the case where mj = infjg : q G J} is positive. 

In the present work, we continue our study concerning the intersections of 
Lorentz spaces on the measure space (A, p) , to complete our results in this di¬ 
rection. Precisely, we verify most the results given in the second and third sections 
of [1], for Lorentz spaces. 
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1. Preliminaries 

In this section, we give some preliminaries and definitions which will be used 
throughout the paper. We refer to [3], as a good introductory book. 

Let ( X , //) be a measure space and / be a complex valued measurable function 
on X. For each a > 0, let 

df(a) = p({x € X : |/(a;)| > a}). 

The decreasing rearrangement of / is the function /* : [0, oo) —» [0, oo] defined by 

f*(t) = inf{s > 0 : df(s) < t}. 

We adopt the convention inf 0 = oo, thus having f*(t) = oo whenever df(a) > t 
for all a > 0. For 0 < p < oo and 0 < q < oo, define 



where dt is the Lebesgue measure. In the case where q = oo, define 

(!- 2 ) ll/lkp.oo = sup t */*(£). 

t> o 

The set of all / with ||/|| P)5 < oo is denoted by L Piq (X, p) and is called the Lorentz 
space with indices p and q. As in L p — spaces, two functions in L p ^ q (X,p) are 
considered equal if they are equal p— almost everywhere on X. It is worth noting 
that by [3, Proposition 1.4.5] for each 0 < p < oo we have 

(1.3) [ \f(x)\ p dp{x) = [ f*(t) p dt. 

J x Jo 

It follows that L PiP (X, p) = L P (X, p). Furthermore by the definition given in equa¬ 
tion (1.2), one can observe that L 00!00 (X, p) = L°°(X,p). Note that in the case 
where p = oo, one can conclude that the only simple function with finite H-Hl^ 
norm is the zero function. For this reason, L OCtq (X 1 p) = {0}, for every 0 < q < oo; 
see [3, page 49]. 


In [2], for locally compact group G and 0 < p < oo and also an arbitrary subset 
Q of (0, oo) with 

m.Q = inf {<7 : q G Q} > 0, 

we introduced /L Pi q(G) as a subset of H g 6 QL Pi 9 (G) by 

(1.4) IL p , q [G) = {/ € H WG) : ||/||l p , q = sup ||/|| ip , 3 < oo}. 

q&Q 

As the main result of the third section in [2], we proved the following theorem. 

Theorem 1.1. [2, Theorem 12] Let G be a locally compact group, 0 < p < oo and 
Q be an arbitrary subset of (0, oo) such that uiq > 0. Then IL p q(G) = L p mQ (G). 
Moreover, for each f £ L p , mQ (G), 


Km Q < II/IIg.q < max < 1 , ( — 


Note that in the definition of IL p q{G) given in (1.4), one can replace G by an 
arbitrary measure space (A, p). Precisely if let 

(1.6) IL p ,q(X, p) = {/ G Pi L p>q {X, p) : \\f\\ Lp , Q = sup ||/||l p , 3 < oo}, 
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then ILp'Q^, /j,) = L p , mQ (X, /x). Moreover for each / S L PtmQ (X, fi), (1.5) is sat¬ 
isfied. Furthermore, Theorem [2, Theorem 12] is also valid for IL P: q{X, /x). In the 
present work, in a similar way, we introduce and characterize the spaces ILj^ q (X, /x) 
and also ILjq(X,/j,), as other intersections of Lorentz spaces. Moreover we obtain 
some results about Lorentz space related to a Banach spaces E, introduced in [4]. 


2. Main Results 

At the beginning of the present section we recall [3, Exercise 1.4.2], which will 
be used several times in our further arguments. A simple proof is given here. 

Proposition 2.1. Let (X,/x) be a measure space and 0 < p± < P 2 < oo. Then 

Lpi ,00 n Lp2 ,00 c n Ap,s(X, /x). 

Pl<p<P2,0<S<OO 

Proof. Let / € L Pli00 (X,n) H L P2j 00 (X, p,). If ||/||l p1i00 = 0, one can readily 
obtained that / £ L PtS (X,fT), for all p\ < p < P 2 and 0 < s < oo. Now let 
ll/IU P1 ,oo 7 ^ 0 and first suppose that p 2 < oo. We show that / € L PtS (X, /x), for all 
pi < p < P 2 and 0 < s < oo. It is clear that for each a > 0 



< oo. 
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Thus / £ L PtS (X, p). For p 2 = oo, since df(a) = 0 for each a > ||/||oo, inequality 
(2.1) implies that 


< 


,oo||.y 11oo , 


\\J llL Pl0 cs - spi \\J || Pl 
p 

which implies / £ L PtS (X,p). In the case where s = oo, by [3, Proposition 1.1.14], 
for pi < r < P 2 we have 

Lp lt oo (x,p)n L/p 2: oO (X,p) C L r {X,p) C L rt00 (X, p). 

This gives the proposition. □ 

Proposition 2.2. Let (X, p) be a measure space, 0 < q < oo and 0 < pi < P 2 < oo. 
Then 

P) L r ^ q (X,p) — Lpi,q (X,p)n 

Lp2,q (X,p). 

pi<r<p2 

Moreover for each f £ L pl<q (X, p) n L P2iq (X , p) and p± < r < P 2 , 
ll/IUr., < 2 1/9 max{||/|| ipi g , ||/||l P2i J. 

Proof. By [3, Proposition 1.4.10] and Proposition 2.1 we have 

■^pi AO ^ -^ / P2 ! q(^5 aO — -^pi ,oo (-^"5 aO Pi L/p 2 ^ 00 (X ) /i) 

c P) L r s (X, p). 

Pi<r<P 2 , 0 <s<oo 

It follows that 

Lpi,q {x, p) n Lp 2 ,q (x,p)c p Lr,q(X , p ) . 

Pi<r<p 2 

The converse of the inclusion is clearly valid. Thus 

-^pi,q{X, p) C\ L p2 q (^X, p) Pj L rq [X,p). 

pi<r<p 2 

Now let q < oo. For each / £ L Pl ^ q (X, p) H L P2 , q (X, p), we have 


< 

< 


fNl 

l ( , * r(t) ) , f + / (** /,( *>) 


9 dt 
t 


- ... iil P2 , 9 + 11/11L,, 

< 2max{||M ,||M } 


Also for q = 00 we have 

II/IU-.. 


= sup i’-/*(£) 

£>0 

< max{ sup /*(t),suptpi"/*(t)} 

0<t<l t>l 


< max{||/|| £ 


oll/IlF 




This completes the proof. 


□ 


We are in a position to prove [1, Proposition 2.3] for Lorentz spaces. It is obtained 
in the following proposition. Recall from [1] that for a subset J of (0, oo), 

Mj = sup{p : p £ J}. 

Proposition 2.3. Let (X,p) be a measure space, 0 < q < oo and J be a subset of 
(0, oo) such that 0 < mj. Then the following assertions hold. 
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(i) IfmjiMj G J, then 

f > | Lp,q(X,fl) = Lp,q(X,fJ,) = L mj ,q(X, fl) D L/Mj,q(X, /i). 

pe[mj,Mj] peJ 

(ii) If mj G J and Mj <£ J, then f| pe j L P , q (X, p) = flpeimj.Mj) L P ,q( x ^)- 

(iii) Uitij i J and Mj G J, then f) peJ L Ptq (X, p) = f| P e(mj,Mj] L P ,q( x ^)- 

(iv) If mj, Mj (f J, then f) peJ L p>q (X, p) = fl P z(mj,Mj) L P ,q( x >»)■ 

Proof, (i). It is clearly obtain by Proposition 2.2. 

(ii) . Let / G f]pej L p ^ q ( x , t) and take mj < t < Mj. Then there exist ti, <2 G J 
such that t\ <t <t 2 - So by Proposition 2.2 

/ € Lf lt q(X, p) n Lf 2t q(X, p) P| Lp q(X,fl) 

tl<p<t2 

and thus / G L t , q (X, p). It follows that 

P) L Pt q(X,n) C L t , q (X,n), 

p£ J 

for each t € [ mj,Mj ). Consequently 

Pi Lp^q( X , fi) C P L pq (X, /i). 
p£J 

The converse of the inclusion is clear. 

(iii) and (iu) are proved in a similar way. □ 


Similar to the definition of IL p ^q(X, /j,) given in (1.6), for J,Q C (0, 00 ) let 
IL J<q (X,p) = {/ G n pe jip, 9 (^M) : \\f\\Lj, q = sup pe j ||/|| ip „ < 00 } 

and 

ILj,q(X , /x) = {/ G n pe j,,eQ M) : II/IUj,o = sup peJj(?eQ ||/||l p ,, < 00 }. 

Proposition 2.4. Let (X,p) be a measure space, 0 < q < 00 and J C (0, 00 ) such 
that mj > 0. Then 

ILj,q(X,p) C 

Lmj,q (x,p)n (X,p). 


Proof. First, let g < 00 . We follow a proof similar to the proof of [2, Theorem 12]. 
Suppose that Mj < 00 and (x n ) is a sequences in J such that lim n x n = Mj. For 
/ G ILj q (X, p) by Fatou’s lemma, we have 


^Mj.q 


< lim inf 


lim inf (t*^ .f* (t)^ — 

roc 

L (* r 


1 dt 

T 


lim inf ||/HI 


< ll/l 

< OO. 


| <7 

\J,q 


If Mj 


00 and / G ILj, q (X, /x), then 



< liminf ||/||i,*„,« < ||/|| j, g < 00 . 

n 
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On the other hand, as we mentioned in section 1, since q < oo then Loo tq (X, p) = 
{0} and since / 0 °° < oo, so we have / = 0, p— almost every where on X. 

Thus ILj, q (X, p) = .Loo.gpf,^) = {0}. It follows that ILj tq (X,p) C L Mj , q (X, p). 
Now suppose that q = oo and / £ ILj tq (X, p). Then 

I/IUmj.oc = supf^T f*(t) = sup 

t >0 t>0 ' n ' 

< sup (lim ll/ll= ||/|U Ji00 < OO, 
t>o v n ' 

and so f £ Lmj, oo(X,p). Thus we proved that ILj tq (X, p) C LMj, q (X, p), for 
each 0 < q < oo. Using some similar arguments, one can obtain that ILj^ q (fX, p) C 
L mjtq (X, p). Consequently the proof is complete. □ 

The following proposition is obtained immediately from Propositions 2.2, 2.3 and 
2.4. 

Proposition 2.5. Let (X,p) be a measure space, 0 < q < oo and J C (0, oo) such 
that mj > 0 and Mj < oo. Then 

^,Mj),q {X , t^) ^^[mj,Mj),q (.X, M) 

= IL(mj,Mj], q (X, p) = IL[ mjt Mj^ q (X, p) 

Furthermore, for each f £ ILj^ q {X, p) and p £ J, 

\\f\\ Lp , q <2 1 /«max{||/|| im j,q 1 II /II LMj,q } 

Theorem 2.6. Let (X, p) be a measure space and J,QC (0, oo) such that mj , itiq > 
0. Then 

(2.2) ILj q{X, p) = L mj rn Q (X, p ) n LMj,m Q (X, p ). 

Moreover for each f £ ILj^q{X, p) 
max{||/|| LmjmQ , ||/|| LMj , mQ } 

for some positive constant K > 0. 

Proof. Let / £ ILj,q(X, p). Then by proposition 2.5, we have 

f£L mj , q (x,p) n L Mj,q (X,p), 

for each q £ Q, and so 

/ ^ (CggQLmj,g(X, /.<)) [~l (CggQ L Mj ,<j(X, /i)) . 

Thus [2, Theorem 12] implies that / £ L mjtrnQ (X,p) f~l LMj, mQ (X, p). Also by 
Fatou’s lemma, one can readily obtain that 

\\f\\L mj , m < sup ||/||l < oo 

Q p&J.q&Q 

and also 

\\fh Mj , m < sup ||/||l < oo. 

Q P&J,q&Q 

For the converse, note that by Proposition 2.2 and [3, Proposition 1.4.10], we have 
Lmj,rriQ (-^5 AO F (-^"j AO = ^r,mQ (X,p) 

C f) L r , t (X,p). 


< sup ||/||l p , 9 
p£j,q£Q 

< K max{||/|| Lmj mQ , ||/||z, Mjimq }, 
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It follows that 

Lmj,rriQ AO ^ ^Mj^rriQ (-^"j AO — Lp^X , /i). 

pG J,q€Q 

By Proposition 2.5 and [2, Theorem 12], for each / G L mjjmQ (X, //)m) 
we have 


inax{||/|| Lmj ||/|| Lmj } < sup ||/||l p ,, 

mj<p<Mj ,m.Q<q<MQ 

< sup [max{l,(^)^} ||/|U 

mj<p<Mj L P 

< 2 1 ' , "" 5 max{l,(—)"^} max{||/||r 

Wj 

and so the inequality is provided by choosing 

A" : 2 1 / m « max{ 1 , ffi)^}. 

mj 

Moreover f G ILj^q(X, p) and the equality (2.2) is satisfied. 


p,m Q 


j,mQ > 11/ II LMj,m,Q 


} 


□ 


Proposition 2.7. Let (X,p) be a measure space and 0 < p < oo. Then fg € 
oo(X,p), for each f G L°°(X, p) and 5 G L Pj00 (X,p). 

Proof. By [3, Proposition 1.4.5] parts (7) and (15), we have 

11 /slip, 00 = sup(t£ {f g)*(tfj (*'/*(^) fl *(^)) 

= sup (( 2 t)p /*(f) 0 *(t)) < 2 r || 3 ||p,oo ll/lloo 
< OO. 


It follows that fg G L Pt00 (X, p). 


□ 


Proposition 2.8. Let {X,p) be a measure space, 0 < p < 00 and J,QC (0, 00 ) 
such that mj > 0, toq > 0 and m,Q G Q. Then ILj : q(X, p) = A D B, where 


II 

Cc 

m 

1^) L p ,q(X, fl), 

M q = sup ||/||l P i , < OO, \/q G Q} 


pG J,q£Q 

pG J 

B = {fe 

L Pi q(X, //), 

M p = sup H/||l p , 9 < 00 , Vp G J}. 


p€J,q£Q 

q&Q 


Proof. It is clear that ILj q(X , p) C AC\B. For the converse assume that / G AC\B. 
By [2, Theorem 12] implies that for each p G J 

sup \\f\\ Lp , q < max{ 1, (—)^}||/||l p , 
q&Q P Q 

and so 

sup \\f\\ Lp , q < max{l,(^)^}sup||/|| L 

pg J, qeQ mj P eJ Q 

= max{ 1, } M m 

m.j 

< 00. 


It follows that / G ILj'Q(X, p). 


□ 



8 


F. ABTAHI, H. G. AMINI, H. A. LOTFI AND A. REJALI 


In the sequel, we investigate some previous results, for the special Lorentz space 
£ Pi q{E}, introduced in [4]. In the further discussions, E stands for a Banach space. 
Also K is the real or complex field and I is the set of positive integers. We first 
provide the required preliminaries, which follow from [4]. 


Definition 2.9. For 1 < p < oo, l<g<ooorl<p< oo, q = oo let l p , q {E} be 
the space of all If-valued zero sequences {xi} such that 


IK®*}Up ,q ~ 


(ESi {q/v 1 1 ll®<«*) II q ) q for 1 < p < oo, 1 < q < oo 
supj ||X 0 (j) || for 1 < p < oo, q = oo. 


is finite, where {||^ 0 (i)||} is the non-increasing rearrangement of {||a;»||}. If E = K, 
then £ p ^ q {K} is denoted by i PA . 


In particular, £ pp {E} coincides with £ p {E} and ||.||p )P = ||.|| p ; see [5]. 


The following result will be used in the final result of this paper. It is in fact [4, 
Proposition 2]. 


Proposition 2.10. Let E be a Banach space. 

(i) If 1 < P < oo,l < q < qi < oo, then I Ptq {E} C i p , qi {E) and for every 
{%i} £ £ Piq {E} 


IK®*} Up, gi — 



IK®*}IIp.9> 


for p < q and 
for p > q. In fact 


||{®*}llp,9l — ll{®*}llp,9> 

} lip.9l — Uiaxjl, ~}||{®*}llp,9- 


(ii) Let eather 1 < p < pi < oo, 1 < q < oo or 1 < p < pi < oo, q = oo. Then 


W E} C e puq {E} 

and for every {xi } € £p,q{ E} 

ll{®*}llpi,9 — ll{®»}llp>9 


Now for J,QC[1, oo) let 

ILj,Q = {{®*} € PlpgyijgQ Ip.q • ||{®*}l|j,<3 = SU P poJ,qoQ IK®»}IIp>9 ^ °°}- 
We finish this work with the following result, which determines the structure of 
ILj.q- 


Proposition 2.11. Let J, Q C [1, oo). Then ILj^q = I mj ,m Q - 

Proof. Some similar arguments to [2, Theorem 12] implies that IL p q = i p ,m Q - 
Indeed, by Proposition 2.10 for each q £ Q, i p ,m Q Q £ P , q - Also for each {x^ £ 
f 

^p,rriQ ? 

||{®*}IIp,9 < m ax{l,^}||{®*}llp, mo¬ 
lt follows that {xi} £ IL P 'Q and 

IK®*}lip,Q < nrax{l, ^}||{®*}||p,mQ- 
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Thus i P ,m Q C IL Pt Q. The reverse of this inclusion is clear whenever mg G Q. Now 
let rr iq £ Q. Thus there is a sequence (y n )neN hr Q, converging to toq. For each 
{xi} G IL p q , Fatou’s lemma implies that 


\\ m Q = 
II p,rriQ 


I m Q 


I Vn 


< 


E* p 

i= 1 
oo 

^lirninf (^i~ 1 ||x$( i ) 

i =l 

oo 

linrinfE 


lirninf ||{Xi}||^ n < liminf ||{xJ||^ Q 

ll{*i}Q, 


which implies {xi} G i P ,m Q ■ Consequently /L Pj q = t p ^m Q - In the sequel, we show 
that ILjq C £ mjt q, for each q G Q. Suppose that (y n ) be a sequences in J such 
that lim n a: n = mj and {x^} G ILj q Then by Fatou’s lemma, we have 


OO 

= E(^' 1 ik*«r) 

i= 1 
oo 

= ^ liminf 

i=l 

oo 

< liminfE [^~ l \\ x ^(i) 


lirninf || {x^|| q yn<q 


< life} 

< oo. 


I J,q 


Hence I Lj q C Now suppose that {cci} G ILj^q. Then for each q G Q, 

{xi} G ILj q and so {xi} G On the other hand by the above inequalities, for 

each 1 ^ oo, we have G ll{*u}||yq' - G 

which implies ILjq C £ m j,m Q - Also by Proposition 2.10, for each p > mj and 
q > m Q we have Imj,m Q C £ mj ,q Q Ip,q- Consequently 

Imj ,m,Q C P '1 Ip,q- 

p£ J,q&Q 


Moreover for each {x^} G £ p<q , 

snp || {^i} ||p,g A sup II {s^i} llmj.g max{l, } II {*U} Ilmj.rrjQ • 

pGJ,q&Q q£Q m J 

It follows that 

Imj,mQ 1= ILj,Q G 

Therefore ILjq = I m j,m Q , as claimed. □ 
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